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Abstract: We test recently proposed IR dualities and supersymmetry enhancement
by studying the supersymmetry on domain walls. In the SU(3) Wess-Zumino model
studied in [1, 2], we show that domain walls exhibit supersymmetry enhancement. This
model was conjectured to be dual to an N = 2 abelian gauge theory. We show that
domain walls on the gauge theory side are consistent with the proposed duality, as
they are described by the same effective theory on the wall. In [3], a third model
was conjectured to be dual to the same IR theory. We study the phases and domain
walls of this model and we show that they also agree. We then consider the analogous
SU(5) Wess-Zumino model, and study its mass deformations and phases. We argue
that even though one might expect supersymmetry enhancement in this model as well,
the analysis of its domain walls shows that there is none. Finally, we study the N = 2
model in [4] which was conjectured to have N = 4 supersymmetry in the IR. In this
case we don’t see the supersymmetry enhancement on the domain wall; however, we
argue that half-BPS domain walls of the N = 2 algebra are quarter-BPS of the N = 4
algebra. This is then in agreement with the conjectured enhancement, even though it
does not show that it takes place.
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1 Introduction
Three dimensional quantum field theories (QFT) exhibit a variety of infrared (IR)
phases with interesting features. Although it is hard to determine the phases of a gen-
eral QFT, supersymmetry is often a useful tool for extracting such information. This
work focuses on two interesting aspects of IR behavior in three dimensional supersym-
metric theories: IR dualities and supersymmetry enhancement.
Three dimensional dualities have a long history with the well-known examples of
particle-vortex [5, 6], vector-vector [7–10], scalar-vector [11] and non-supersymmetric
level-rank [12–14] dualities. In the last decade, following the original papers [15, 16]
on IR duality in four dimensions, a plethora of new dualities in three dimensions have
been proposed. Ranging from various non-supersymmetric examples [17–24] to super-
symmetric cases [1, 2, 25–31], the idea of duality has shed a lot of light on the infrared
structure of three-dimensional QFTs.
For applications to real world physics, supersymmetry is usually regarded as a ul-
traviolet (UV) symmetry which is broken in the IR. However, some modern research
[32–35] in condensed matter physics has exploited the prospect of supersymmetry as an
emergent symmetry of physical systems at low energies. Along these lines, another pos-
sibility, which is more tractable to analyze, is the case of supersymmetry enhancement
[4, 36–43].
The purpose of this paper is to test various recently proposed IR dualities and the
idea of supersymmetry enhancement by analyzing the effective theories on the world-
volume of domain walls. Domain walls in supersymmetric gauge theories were first
studied in [44–48], and reviewed in [49–51].
For testing IR dualities the main idea we use is to deform both sides of the pro-
posed duality until multiple degenerate vacua exist, and then consider domain walls
interpolating between such vacua. These classical objects carry charges that extend
the super-Poincare´ algebra and therefore are stable configurations. The goal then is
to show that on the two-dimensional world-volume of the wall, the effective theory for
localized zero modes is the same on both sides of the duality.
For exploring supersymmetry enhancement we analyze the amount of supersymme-
try on the domain-wall theory. Classical solitonic solutions of the equation of motion,
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such as domain walls in supersymetric theories, often have the profound feature of be-
ing annihilated by a subset of the supercharges [52]. In three dimensions, typically,
they are half-BPS objects and the two dimensional world-volume theory inherits half
of the supersymmetry of the parent bulk theory. However, by explicitly studying the
localized zero-modes on the wall, in some cases one can prove that the two-dimensional
theory has actually more that half of the bulk supersymmetry, suggesting that the
parent three-dimensional theory has enhanced supersymmetry in the IR.
One of the main results of this work is the test of dualities between three different
theories proposed in [1–3]. The three models participating in the duality web are
depicted in figure 1.
Wess-Zumino
(
N = 2 , SU(3), T )
U(1)0 gauge
(N = 2,SU(3) , T )
SU(3) 5
2
gauge
(N = 2, SU(3), T )
Figure 1. The models depicted in this figure are dual to each other. For each model we
indicate which symmetries are manifest in the UV action and which are not (crossed out).
None of the UV theories manifestly exhibits all of the three global symmetries that the
IR theory is believed to have, namely N = 2 supersymmetry, SU(3) flavor symmetry,
and time reversal invariance. We consider domain walls in all three theories and we
show that in each case, the effective theory on domain walls is a chiral (2, 0) theory
with target space R× S1, while for anti-domain walls the theory is a chiral (0, 2) with
the same target space.
We then consider a Wess-Zumino model with a cubic superpotential where the fields
transform in the adjoint representation of an SU(5) flavor symmetry. As in the case of
SU(3) model we break the flavor symmetry by giving masses to the scalars. The moduli
spaces of vacua for these deformed theories are always complex Grassmannians and
therefore Ka¨hler manifolds. This might lead one to believe that there is supersymmetry
enhancement for these deformed theories and for the IR fixed point of the undeformed
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theory, with the extra supercharges coming from the complex structure of the moduli
space. However, further analysis of domain walls shows that actually supersymmetry is
not enhanced: For generic linear deformations we have degenerate vacua with domain
walls that interpolate between them; investigating the effective theory on the walls,
we show that there exist domain-wall solutions with a single bosonic zero mode and
therefore, only (1, 0) supersymmetry. This rules out the possibility of enhancement.1
The third main result of this paper is a consistency check in the presence of domain
walls for the recently conjectured supersymmetry enhancement to N = 4 for an N = 2
abelian gauge theory with Chern-Simons level at k = −3/2 with one chiral multiplet of
charge one. We add an FI term which leads to two degenerate vacua and we consider
domain walls. We argue that the solutions of the classical BPS equations have only
one modulus which not only seems to contradict the enhancement but also the bulk
N = 2 supersymmetry. We resolve the contradiction in two steps. First, we study the
infinity coupling limit of the BPS equation and we show that in this regime on one
side of the domain wall we get an U(1)−1 gauge theory. Although the vacuum of this
theory is trivial, in the presence of a domain-wall boundary it gives rise to a chiral zero
mode as in the Hall-effect [53]. Furthermore, we address the apparent contradiction
with the N = 4 enhancement. We argue that the FI deformation of the N = 2 action
corresponds to a new kind of mass deformation that was pointed out in [54]. These
deformations change the supersymmetric algebra by a term involving the R-symmetry
current. We then show that domain walls in the N = 4 deformed theory are actually
quarter-BPS and therefore, they lead to two unbroken supercharges in agreement with
the enhancement.
To find these results, we develop various tools: we write down the defining equations
for the N = 1 S-multiplet in three dimension, generalizing the N = 2 results of [55, 56],
and we derive explicit expressions for the Wess-Zumino model as well as abelian gauge
theories. We also derive the explicit expression for the S-multiplet of an arbitrary
N = 2 non-abelian gauge theory with a superpotential in three dimension. We calculate
the brane-charges from the S-multiplet and obtain the tension of the domain walls
that these theories support. We use Morse theory to analyze the solutions of the
BPS equations that we find in various models. Use of Morse theory in the study of
BPS domain walls can also be found in [57–59]. In the pure Wess-Zumino model, the
superpotential defines a Morse function and we can use the results of Morse theory
directly to analyze the BPS equations; in other cases, we construct the Morse function
by hand.
1One might imagine that domain walls in the dual theory could preserve only 14 of the supersym-
metry; however, we argue the multiplet structure of these theories prevents that scenario.
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The outline of the paper is as follows. In section 2, we review theN = 2 S-multiplet
of [55] and give explicit expressions for abelian and non-abelian gauge theories. In
section 3, we present the defining equations for the N = 1 S-multiplet and give explicit
expressions in several examples. In section 4, we discuss the kinematics of the BPS-
saturated domain walls in N = 1 theories from the supersymmetry algebra. In Section
5, we present a new check for the duality of the three theories in figure 1 by studying
the domain walls in these models. In section 6 we study the N = 1 SU(5) WZ model
and discuss its possible supersymmetry enhancement in the infrared. In section 7, we
study the N = 2 to N = 4 supersymmetry enhancement of the model presented in
[4] by considering domain walls. In appendix A, we summarize our conventions about
N = 1 and N = 2 supersymmetry and gauge-covaraint superderivatives. In appendix
B, we reviewN = 1 supergravity and in appendix C we discuss an example of a relevant
deformation in the stress-tensor multiplet of N = 4 SCFTs.
2 S-multiplet for N = 2 theories
2.1 Defining equations
In supersymmetric theories, operators organize themselves into multiplets of the Super-
Poincare´ algebra. Generally, representations containing conserved currents belong to
multiplets obeying some shortening conditions. In superconformal theories, short su-
permultiplets saturate the unitarity bound [60], and they have been fully classified
[61, 62]. When one deforms a superconformal theory to break conformal symmetry, the
short superconformal multiplets combine with other multiples to make a short super-
multiplet of the super-Poincare´ algebra, and the shortening conditions are modified. A
universal multiplet that exists in any local supersymmetric theory is the stress-energy
multiplet. Two well-known examples of stress-energy multiplets are the Ferrara-Zumino
multiplet [63] and the R-multiplet [64–66] in four dimensional N = 1 theories. These
two multiplets turn out to be special cases of a more general stress-energy multiplet,
referred to as the S-multiplet in [55, 56, 67] and elsewhere.
Apart from the energy momentum tensor, the S-multiplet also contains the super-
current as well as any R-symmetry currents (which however need not be conserved).
In addition, it may also contain additional conserved currents that modify the super-
Poincare´ algebra. These terms can be either central extensions, or brane currents that
are may be present in domain-wall backgrounds. The purpose of this section is to re-
view the S-multiplet for three-dimensional N = 2 theories, and the possible extensions
of the N = 2 superalgebra. We summarize our conventions in appendix A, where we
also review several useful identities.
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In N = 2 theories, the defining set of equations for the S-multiplet [55] are2
D¯βSαβ = Xα + Yα ,
D¯αXβ = 0 , DαXα = −D¯αX¯α ,
D(αYβ) = 0, D¯αYα = 0 ; (2.1)
here Sαβ is a real vector superfield, whereas Xα,Yα are complex spinor superfields.
The conserved supercurrent and the energy-momentum tensor are the lowest com-
ponents of the superfields
Sβγ
α = iDαSβγ − iδα(βY¯γ) , (2.2)
and
Tαβ,γδ = −1
8
(
[D(α, D¯β)]Sγδ + [D(γ, D¯δ)]Sαβ
)− 1
16
α(γδ)β
(
[D, D¯ζ ]Sζ + 2DζXζ
)
, (2.3)
respectively. As was shown in [55], apart from these two conserved quantities and
possibly an R-symmetry current, the stress-energy multiplet contains three additional
tensors given by
Fαβ,γδ =
i
16
[
αγ(D(βXδ) + D¯(βX¯δ)) + βδ(D(αXγ) + D¯(αX¯γ))
]
+ [α↔ β] , (2.4)
Hαβ = − 1
16
(
D(αXβ) − D¯(αX¯β)
)
, (2.5)
Y¯αβ =
i
2
D(αY¯β) . (2.6)
The duals of these tensors are conserved currents. In vector notation (see Appendix
A.1), the supercurrent and the energy-momentum tensor can be identified as the lowest
component of the superfields
Sαµ = iDαSµ −
i
2
γαγµ Y¯γ ,
Tµν = − 1
16
γαβ(µ [Dα, D¯β]Sν) +
1
8
ηµνγ
γδ
ρ DγD¯δSρ +
1
8
ηµνDαXα . (2.7)
while the additional tensors are
F νρ =
i
32
νρµγαβµ
(
DαXβ + D¯αX¯β
)
, (2.8)
Hµ = − 1
32
γαβµ
(
DαXβ − D¯αX¯β
)
, (2.9)
Y¯ρ =
i
4
γαβρ DαY¯β . (2.10)
2We have set the constant C = D¯αXα = −D¯αYα in eq. (4.1) of [55] equal to zero. It gives rise to
space-filling charges which are not of interest for the discussion of domain walls.
– 5 –
Using these expressions one can determine the algebra of two supercharges
Qα =
∫
d2x Sα
0
∣∣∣ . (2.11)
The anticommutator of the supercharge with the supercurrent is
{Q¯α, Sµβ
∣∣} = iD¯αSµβ∣∣∣ = γναβ (2Tµν + 2µνρHρ + i∂νSµ − iηµν∂ρSρ)
∣∣∣∣∣ (2.12)
+ iαβµνρ (2F
νρ + ∂νSρ)
∣∣∣∣∣ , (2.13)
{Qα, Sµβ|} = iDαSµβ
∣∣∣ = iµνργναβY¯ ρ∣∣∣ . (2.14)
The terms proportional to Sµ give rise to Schwinger terms. The other extra currents
on the left-hand side extend the super-Poincare´ algebra to
{Qα, Q¯β} = 2γµαβ(Pµ + Zµ) + 2iαβZ ,
{Qα,Qβ} = iγµαβζµ , (2.15)
where
Z = −
∫
d2x 0µνF
µν , Zµ = −
∫
d2x 0µνH
ν , ζµ =
∫
d2x 0µν Y¯
ν . (2.16)
The first term, Z, is the usual central charge, and is carried by zero-branes (particles).
The other two terms are carried by one-branes, which in three dimensions are domain
walls. Thus for theories that support domain walls with these charges, there is a
physical obstruction to removing these charges by an improvement transformation [55].
In particular, depending on which of these brane-currents can be improved to zero, we
have different supersymmetry on the world-volume of the BPS-saturated domain walls.
This is because the values of these brane-charges determine which combination of the
supercharges are preserved in the domain-wall background. For instance, in theories
which have an FZ-multiplet (for which Hν = 0), domain walls carry the charge ζµ and
hence by (2.15) can only lead to non-chiral (1, 1) supersymmetry on the wall. On the
other hand, for theories with anR-multiplet (for which Y ν = 0), domain walls carry the
charge Zµ and hence by (2.15) can only lead to a (2, 0) or (0, 2) chiral supersymmetric
theory on the wall. This will be important in section 5.2.
2.2 Examples
2.2.1 Abelian gauge theory
For our purposes we focus on U(1) gauge theories coupled to chiral superfields, including
FI and Chern-Simons terms as well as a non-zero real mass. Even though when there is
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only one chiral superfield, the real mass can be absorbed by field-redefinitions, keeping
it will make clear the generalization to case of multiple chiral fields. The Lagrangian
[68, 69] is given by
L =
∫
d4θ
(
1
4e2
Σ2 +
k
8pi
ΣV − Φ¯eV+VbΦ + tV
)
, (2.17)
where Σ = i
2
D¯ · DV is a real linear superfield that obeys D¯2Σ = D2Σ = 0, and Vb is a
constant superfield that generates the real mass Σb ≡ i2D¯ · DVb = 2m. The constants
k and t are the Chern-Simons and the FI couplings respectively. The S superfield (in
chiral representation; see appendix A.3 for details) that satisfies the equations (2.1) is
given by
Sαβ = ∇¯(α
(
eV+VbΦ¯
)∇β) (eVbΦ)− 1
2e2
D(αΣ D¯β)Σ , (2.18)
with Yα = 0 and
Xα =
1
8e2
D¯2Dα
(
Σ2
)
+
1
2
D¯2Dα
(
Φ¯eV+VbΦ
)
+ 4miD¯α
(
Φ¯eV+VbΦ
)− 2itD¯αΣ . (2.19)
In the case of many chiral fields, one just needs to sum the two Φ-dependent terms
over all fields with the appropriate charges and masses. Since Yα = 0, the Abelian
gauge theory has an R-multiplet. Note that (2.19) implies Xα = 8iD¯αJ , which means
the brane current Hµ given by (2.5) can be written as Hµ = ∂µJ
∣∣∣, with J the linear
multiplet
J = i
8
D¯ · D
(
1
4e2
Σ2 + Φ¯eV+VbΦ
)
+
1
2
m Φ¯eV+VbΦ− 1
4
tΣ . (2.20)
2.2.2 SU(N) gauge theory
Here we derive the S-multiplet for an SU(N) gauge theory with a superpotential. The
Lagrangian of such theory can be written in superspace as [69–71],
L =
∫
d4θ
(
1
2e2
Tr
[
Σ2
]
+
k
4pi
∫ 1
0
dt Tr[V Σt]−Φ¯ieV Φi
)
+
(∫
d2θW(Φ) + c.c.
)
, (2.21)
where ∇ is the gauge-covariant superderivative, Σ = i
2
{∇¯α,∇α} = i2D¯α(e−VDαeV ) is
the non-abelian scalar field strength written in the chiral representation (see appendix
A.3 for details), and is covariantly linear ∇2Σ = ∇¯2Σ = 0, and Σt = i2D¯α(e−tVDαetV ).
The trace (in the fundamental representation) is normalized to Tr(TMTN) =
1
2
δMN.
The equations of motion are:
D¯2∂iK = 4∂iW , (2.22)(∇¯ · ∇Σ) = ie2k
2pi
Σ− 2ie2ΦiΦ¯ieV +
(
2ie2
N
Φ¯ie
V Φi
)
1N×N , (2.23)
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where K = ∑i Φ¯ieV Φi is the Ka¨hler potential and we have used Tr [ΦiΦ¯ieV ] = Φ¯ieV Φi,
and also the fact that Σ and its covariant derivatives are in the adjoint representation
and hence traceless. After a detailed analysis using the equations of motions, a gauge
invariant S-multiplet satisfying equation (2.1) can be found as
Sαβ =
(∇¯(αΦ¯ eV ) (∇β)Φ)− 1
e2
Tr
[(∇(αΣ) ( ∇¯β)Σ)], (2.24)
Xα =
1
4e2
D¯2Dα Tr
[
Σ2
]
+
1
2
D¯2Dα
(
Φ¯eV Φ
)
, (2.25)
Yα = 4DαW . (2.26)
If the theory has a continuous R-symmetry, i.e., if δW ≡ ∑iRiΦi∂iW = 2W , then
this supercurrent can be improved to anR-multiplet by an improvement transformation
given by U =
∑
iRiΦi∂iK [55], with Sαβ → Rαβ:
Rαβ =
(∇¯(αΦ¯ eV ) (∇β)Φ)− 1
e2
Tr
[(∇(αΣ) ( ∇¯β)Σ)]+ 1
2
[
D(α, D¯β)
]
U ,
Xα =
1
4e2
D¯2Dα Tr
[
Σ2
]
+
1
2
D¯2Dα
(
Φ¯eV Φ
)− D¯2DαU ,
Yα = 0 .
We can also turn on real masses corresponding to flavor symmetries by introducing con-
stant background gauge superfields for the Cartan subalgebra of the flavor symmetry
group. The real masses reside in the scalar component of the vector-multiplets corre-
sponding to these background gauge fields, which we collectively call Vb. More precisely
Σb = 2M , where M is the real mass matrix. We find the following R-multiplet
Rαβ =
(∇¯(αΦ¯ eV+Vb) (e−Vb∇β)eVbΦ)− 1
e2
Tr
[(∇(αΣ) ( ∇¯β)Σ)]+ 1
2
[D(α, D¯β)]U ,
(2.27)
Xα = D¯2Dα
(
1
4e2
Tr
[
Σ2
]
+
1
2
Φ¯eV+VbΦ− U
)
+ 4iD¯α
(
Φ¯eV+VbMΦ
)
, (2.28)
Yα = 0. (2.29)
As in the abelian case, we have Xα = 8iD¯αJ and thus Hµ = ∂µJ
∣∣∣, with J the linear
multiplet
J = i
8
D¯ · D
(
1
2e2
Tr
[
Σ2
]
+ Φ¯eV+VbΦ− 2U
)
+
1
2
Φ¯eV+VbMΦ . (2.30)
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3 S-multiplet for N = 1 theories
3.1 Defining equations
As in the N = 2 theories, we can define a superfield for the stress-energy multiplet.
Since the energy-momentum tensor is the highest-spin component of the multiplet, in
this case the S multiplet is a spin 3/2 superfield Sαβ,γ = θ
δTαβ,γδ+. . . .We can determine
the analog of (2.1) for N = 1 theories by reduction: we define two copies of N = 1
superspace
{D(I)α , D(J)β } = −iδIJ∂αβ . (3.1)
The S-multiplet for N = 1 theories can be defined as
S˜αβ,γ = D
(2)
γ Sαβ |θ(2)=0 ; (3.2)
after some algebra we find the following equations (where we drop the superscript
D(1) → D since everything now refers to the first copy of the N = 1 superspace)
DβS˜αβ,γ = D(αX˜γ) + αγD
βY˜β , (3.3)
S˜αβ
β = −2Y˜α , (3.4)
DβDαX˜β = 0 , D
βDαY˜β = 0 . (3.5)
where X˜α and Y˜α are certain combinations of their N = 2 counterparts. Note (3.5)
implies that X˜α, Y˜α can be written (locally) in terms of potentials X˜, Y˜ :
X˜α = DaX˜, Y˜α = DaY˜ , (3.6)
Equations (3.5) are invariant under two transformations, which we parametrize by
independent superfields V and U :
δX˜ = V + 3D2U ,
δY˜ = −3V −D2U ,
δS˜αβ,γ = 2γ(αDβ)V − 2i∂γ(αDβ)U . (3.7)
The transformation corresponding to U gives rise to improvement transformations.
The V transformation can be used to set either X˜ or Y˜ equal to zero. Two convenient
combinations invariant under V transformations are
X = 3X˜ + Y˜ , (3.8)
Sαβ,γ = S˜αβ,γ + γ(αDβ)(X˜ + Y˜ ) . (3.9)
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Under U they transform as
δSαβ,γ = 4D(αD|γ|Dβ)U , (3.10)
δX = 8D2U . (3.11)
Using the identity (A.24) we see that the divergence of the right-hand side of (3.10) is
zero, verifying that this is indeed an improvement transformation. In terms of these
superfields, equations (3.3-3.5) combine into
Sαβ
β = DαX ,
DβSαβ,γ = DγDαX ⇔ DγSαβ,γ = 0 . (3.12)
We have derived the defining equations 3.12 by reducing their known N = 2
counterparts. In the appendix B we rederive them by considering N = 1 linearized
supergravity. This shows that this is indeed the most general S multiplet we can write
down.
As before, we can identify the components that correspond to the supercurrent and
the energy-momentum tensor. From (3.12), the supercurrent can be identified as the
lowest component of Sαβ,γ, while the energy momentum tensor as the lowest component
of
Tαβ,γδ = −1
4
(
D(δS|αβ|γ) +D(αS|γδ|β)
)
. (3.13)
Note that the trace the energy momentum tensor is T ∝ DαSαβ β = D2X. Hence, if X
can be improved to zero then the energy-momentum tensor is traceless implying scale
invariance. As in the N = 2 case, there is also an additional tensor given by
Hαγ = − i
8
∂αγX . (3.14)
This is a total derivative and therefore its curl is zero, implying that
Hαβ,γδ := αγHβδ + βγHαδ + αδHβγ + βδHαγ , (3.15)
is a conserved brane current:
∂αβHαβ,γδ = 0 = ∂
γδHαβ,γδ . (3.16)
Having identified all the essential components of the S-multiplet, we can calculate
the anticommutator of a supercharge with a supercurrent:
{Qδ,Sαβ,γ
∣∣} = Dδ Sαβ,γ∣∣∣ = − (Tαβ,γδ +Hαβ,γδ) ∣∣∣ . (3.17)
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This shows that indeed Hαβ,γδ is a brane current. In vector notation, the energy-
momentum tensor are the lowest component of the superfield
Tµν = −1
8
(
(γν)
γδDδSµγ + (γµ)
γδDδSνγ
)
, (3.18)
and for the dual of the additional conserved brane current,
Hµ = − i
8
∂µX . (3.19)
Then (3.17) can be expressed as
{Qδ,Sµγ
∣∣} = 2(γν)δγ (Tµν + µνρHρ) ∣∣∣ . (3.20)
When integrated over the whole space, the first terms on the right-hand side gives the
usual momentum, while the second term is a brane charge
{Qα, Qβ} = 2γµαβ(Pµ + Zµ) , (3.21)
where Zµ is a domain-wall charge
Zµ = −
∫
d2x 0µνH
ν . (3.22)
3.2 Examples
3.2.1 Wess-Zumino
Consider the Wess-Zumino model with Lagrangian
L =
∫
d2θ
(
1
2
DαφDαφ+ iW(φ)
)
. (3.23)
The equations of motion are
D2φ = iW ′ . (3.24)
It can be verified that
S˜αβ,γ = −2(DβDγφ)Dαφ− 2(DαDγφ)Dβφ , (3.25)
satisfies equation (3.5) with
X˜α = −Dα
(
1
2
(Dφ)2 + iW
)
, Y˜α = Dα
(
1
2
(Dφ)2 − iW
)
. (3.26)
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The brane current is therefore
Hαβ = i∂αβ
(
1
8
(Dφ)2 +
1
2
iW
) ∣∣∣ = i∂αβ (1
8
ψαψα +
1
2
iW
)
. (3.27)
An important observation is that this is a total derivative. If we put the theory in a
finite volume, and integrate (3.27) over all space to arrive at (3.21), assuming that all
fermions are zero in the vacuum, the first term in (3.27) vanishes. The second term,
however, will contribute
Zµ = −
∫
d2x 0µνH
ν =
1
2
∫
d2x 0µν∂
νW . (3.28)
Using Lorentz symmetry, we can always consider a domain wall normal to the x1 ≡ x
direction. In this case Z0 and Z1 are zero while Z2 is
Z2 =
1
2
∫
dy∆W , ∆W ≡W
∣∣∣x=+∞
x=−∞
. (3.29)
3.2.2 Abelian gauge theory
Although in the rest of the paper we don’t study N = 1 gauge theories, we present
here the N = 1-multiplet for a U(1) gauge theory as another example. Consider the
Langrangian
L =
1
g2
∫
d2θ
(
WαWα +
k
2
ΓαWα
)
. (3.30)
The field strength Wα is defined by
Wα =
1
2
DβDαΓβ , (3.31)
and satisfies
DαWα = 0⇔ DαWβ = DβWα . (3.32)
The equations of motion are
i∂α
δWδ + 2k Wα = 0 .
The S-superfield is equal to
S˜αβ,γ = WαDβWγ +WβDαWγ . (3.33)
with
X˜α = −Y˜α = 1
4
Dα(W
βWβ) . (3.34)
The brane current is just the lowest component of
Hαβ = − i
16
∂αβ(W
γWγ) ; (3.35)
as usual, the lowest component of Wα is the gaugino. Just as in four dimensions,
gaugino condensation gives rise to a brane charge [44].
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4 Domain walls
In any theory with degenerate vacua, we can consider classical configurations that
interpolate between two different degenerate vacua at plus and minus infinity and
minimize the energy; these are domain walls. These objects carry the topological
charges that were discussed above and therefore are topologically stable configurations.
As we will see in the next sections, domain walls provide a tool to test various proposed
dualities by considering such configurations on both sides of the duality. Before we
move on, we review some well-known basic knowledge about BPS domain walls in
supersymmetric theories.
4.1 N = 1 theories
Consider the anticommutator of the supercharges in the N = 1 superalgebra
{Qα, Qβ} = 2γµαβ(Pµ + Zµ) . (4.1)
Since the brane charge Zµ is conserved on a domain wall with normal vector n
µ, it has
to satisfy
nµZµ = 0 , (4.2)
Going to the rest frame of the wall we have
{Qα, Qβ} = 2δαβm+ 2γµαβZµ , (4.3)
where m is the total mass of the wall. Because the left-hand side of (4.3) is a positive
definite matrix, we get the following BPS bound
m ≥
√
Z1
2 + Z2
2 , (4.4)
since Z0 = 0 because the wall is static. These equations makes sense in a finite volume;
to take the infinite volume limit, we replace the mass and charges with energy and
charge densities on the wall.
Taking the coordinates of the three-dimensional space to be xµ = (t, x, y), we can
choose the wall to be along one spatial direction, say y; since we are in its rest frame,
the normal vector is nµ = (0, 1, 0) and consequently Z1 = 0. Let us now assume that
this bound is saturated
m = |Z2|, (4.5)
The (4.3) becomes
{Q±, Q±} = 2(|Z2| ± Z2) , {Q+, Q−} = 0 . (4.6)
Hence, we see that when Z2 is negative we have a domain walls with Q+ unbroken
leading to (1, 0) supersymmetry, and when Z2 is positive anti-domain walls with Q−
unbroken and (0, 1) supersymmetry.
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4.2 N = 2 theories
As mentioned at the end of subsection 2.1, depending on the values of brane-charges
we have different supersymmetry for the domain-wall theory. Here we discuss theories
with anR-symmetry, which allows us to set Yα = 0 by an improvement transformation.
Examples of such theories are studied in the next section.
In these theories, the S-multiplet can be improved to an R-multiplet and therefore
the domain wall is only charged under the Zµ brane-charge. Thus, the algebra (2.15)
becomes
{Qα, Q¯β} = 2γµαβ(Pµ + Zµ) , {Qα,Qβ} = 0 . (4.7)
As in the N = 1 case discussed above, when Z2 is negative, a domain wall along
the y direction preserves supercharges of one chirality–in this case Q+ and Q¯+. This
leads to (2, 0) supersymmetry on the domain wall, while when Z2 is positive we have
(0, 2) supersymmetry. Similarly, for theories with an FZ-multiplet where Xα = 0 and
Yα 6= 0, domain walls are charged only under ζµ and the unbroken supersymmetry is
(1, 1). Thus, for theories with an R-multiplet or FZ-multiplet the domain walls are
half-BPS.
5 Supersymmetry enhancement from N = 1 to N = 2
Recently, an interesting IR duality was proposed between an N = 1 Wess-Zumino
model with an SU(3) flavor symmetry and an N = 2 abelian gauge theory [1, 2]. This
duality implies that the WZ model has enhanced supersymmetry in the IR, while in
the gauge theory, the flavor symmetry is enhanced to SU(3). In [1], it was shown that
after deforming both sides, the phase diagrams matches exactly. Following these two
papers, a third dual model was proposed with manifest N = 2 supersymmetry and
SU(3) flavor symmetry but with no time-reversal symmetry [3]. In this section we
consider domain walls in all three models and show that, as expected from the duality,
on the wall we get the same two-dimensional effective theory in all three models. More
specifically, in all three cases we show that the domain walls have a (2, 0) theory with
target space R× S1, while anti-domain walls give a (0, 2) theory with the same target
space.
5.1 SU(3) WZ model
Consider the N = 1 Wess-Zumino model with an SU(3) global symmetry with super-
potential
W = tr
(
2
3
φ3 +Mφ
)
(5.1)
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studied in [1]. Both φ and M transform in the adjoint representation of the SU(3). The
phases of the model with M = m3T3 +m8T8 where TI are SU(3) matrices normalized as
trTITJ =
1
2
δIJ , were analyzed in [1]. It was showed that for m3 6= 0,±
√
3m8 the theory
has two discrete vacua with the SU(3) symmetry broken down to the U(1) × U(1)
generated by T3 and T8.
We are interested in domain walls interpolating between these two vacua. For
simplicity we focus on the region 0 < m3 <
√
3m8. The two vacuum solutions of
∂IW = 0 are
φ±3,cl = ±
3
1
4 (m8 − µ)√µ+m8√
2m3
, φ±8,cl = ±
3
1
4
√
µ+m8√
2
. (5.2)
with all the other φ′s set to zero and µ =
√
m23 +m
2
8. Plugging these values at the
superpotential we get that W+ > W−. Hence, a domain wall (Z2 < 0) interpolates
between the + vacuum at −∞ and the − vacuum at +∞, while an anti-domain wall
interpolates between the − vacuum at −∞ and the + vacuum at +∞. Consider the
first case
φ3(x→ ±∞) = φ∓3,cl, φ8(x→ ±∞) = φ∓8,cl . (5.3)
Since the brane charge in (3.29) is negative, the unbroken bulk supercharge is Q+. On
the domain-wall background all fermions are zero, and demanding that their transfor-
mations under the unbroken supercharge are also zero, we obtain the BPS equations
∂xφI = −∂IW . (5.4)
The first observation is that there are no solutions to (5.4) with the boundary conditions
(5.3) such that only φ3 and φ8 are activated. To see this, consider the BPS equations
with all the other φ′s set to zero
∂xφ3 = −1
2
m3 − 1√
3
φ3φ8, ∂xφ8 = −1
2
m8 − 1
2
√
3
(φ23 − φ28) . (5.5)
This set of equation has an “integral of motion”, which is cubic in the fields
G = − 1
2
√
3
(√
3(m3φ8 −m8φ3) + φ3φ28 −
1
3
φ33
)
. (5.6)
Since the value of G is not the same for the two vacua, there is no solution with such
boundary conditions. This implies that some of the other φ’s must be activated and
therefore at least one of the two U(1)’s is broken by the classical domain-wall solution.
We have not solved equations (5.4) analytically, and so we rely on other methods
to understand the qualitative properties of the solutions. We can do a stability analysis
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and extract all the necessary features that we need for the subsequent discussion. As a
first step we use Morse theory [72] (for a review see [73, 74]) to determine the dimension
of the moduli space of solutions. The Morse function in this case is the superpotential
itself. A straightforward calculation shows that the Morse index, i.e., the number of
negative eigenvalues, at the two vacua is five and three respectively. That means that
the space of solutions has dimension 2 (the difference of the Morse index at the two
vacua), and hence the domain wall should have two bosonic moduli. However, we can
do more, and study the topology of this space.
It is clear that one of the moduli is simply a translation in the y direction and
hence has the topology of R. The vacuum solutions that the domain wall tends to at
x → ±∞ preserve two U(1)’s, but as we just saw, the full domain-wall background
must involve more than just φ3,8, and hence at least one U(1) is broken; both U(1)’s
cannot be broken, as that would provide too many moduli. Hence one combination of
the U(1)’s is unbroken, and the phase corresponding to the broken U(1) is the second
modulus; its topology is S1, which implies the moduli space is
M = R× S1 . (5.7)
As usual, for each bosonic modulus we have a fermionic zero mode. Consequently, upon
quantization, the theory on the wall will be described by two massless scalar fields and
two massless fermion fields, and therefore, on the wall we will two supersymmetries.
In the bulk, there are two supercharges but one of them is broken on the domain wall
and we see that there is an emergent supersymmetry. To decide if the two-dimensional
theory is (1, 1) or (2, 0) we use the fact that the Morse index for the full Hessian
∂I∂JW is 2, and therefore the index of the Dirac operator is also 2, which implies (2, 0)
supersymmetry3. Note that states charged under the unbroken U(1) are all massive.
5.2 U(1)0 gauge theory
In this section we study the N = 2 U(1) gauge theory considered in [1] with two chiral
fields of charge one and real masses m1,2 = ±m, and Σb| = 2m (see discussion above
in section 2.2.1):
L =
∫
d4θ
(
1
4e2
Σ2 + tV − Φ¯1eV+VbΦ1 − Φ¯2eV−VbΦ2
)
, (5.8)
The theory has two vacua with
1. σ = m, ϕ1 = 0, |ϕ2|2 = t ,
3This argument only holds for real fields, and hence N = 2 Wess-Zumino models can have domain
walls with (1, 1) supersysmmetry.
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2. σ = −m, ϕ2 = 0, |ϕ1|2 = t .
Following the discussion in the subsection 4.2, the domain walls are charged only under
the H-current which can be calculated from (2.20) to be
Hµ = ∂µ
(∑
i
(σ +mi)|ϕi|2 − tσ
)
. (5.9)
Assuming that at x→ −∞ the theory is at vacuum (1) and at x→ +∞ the theory is
at vacuum (2) we find that brane charge density is
Z2 = −2lymt , Z0 = Z1 = 0 , (5.10)
where ly is the size of the compactified y direction (cf. equation 3.29). Thus for neg-
ative Z2 there are two unbroken supercharges, namely Q+ and Q¯+, see section 4.2.
Demanding that the variation of the fermion fields for these two combinations is zero,
we obtain the following BPS equations{
Q¯+, e−qiVb∇αeqiVbΦi
}
= 0 ⇒ ∇¯+ e−qiVb∇αeqiVbΦi = 0 ,{
Q¯+,DαΣ
}
= 0 ⇒ D¯+DαΣ = 0 .
After eliminating the auxiliary fields, the lowest components of these equations can be
rewritten as
Dxϕi = (σ +mi)ϕi, Dtϕi −Dyϕi = 0 , (5.11)
∂xσ = e
2(
∑
i
|ϕi|2 − t), ∂tσ − ∂yσ = 0 , (5.12)
along with Fµν = 0. Letting the fields ϕi and σ depend only on the x coordinate these
equations simplify to [75–77]
(∂x − iAx)ϕi = (σ +mi)ϕi, ∂xσ = e2(
∑
i
|ϕi|2 − t), Ay = At, Fµν = 0 . (5.13)
Since Fµν = 0 and our spacetime is contractable, we can choose Aµ = 0. Using
equations (5.11), it is easy to show that the F -current in (2.4) vanishes in the domain-
wall background; since the F -current gives rise to a central charge rather than a brane-
charge, this is expected.
To study the solutions of (5.13) we rewrite1 them as
e2
∂h
∂σ
= ∂xσ ,
1
2
∂h
∂|ϕi| = ∂x|ϕi| , (5.14)
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where
h(σ, |ϕ1|, |ϕ2|) = (σ +m)|ϕ1|2 + (σ −m)|ϕ2|2 − tσ . (5.15)
This is just the bottom component of J in (2.20). Up to a rescaling in the fields,
the BPS equations can be written as a gradient flow equation of the Morse function
h. As in the WZ model, we use Morse theory to analyze the domain-wall solutions.
Calculating the Morse index at the two critical points and using the same reasoning as
in the WZ case, we find that there is one modulus that describes the solutions of these
equations, namely the position x0. Note that rescaling the fields does not change the
signature of the Hessian of the Morse function and therefore we can directly calculate
the index using h. There are two more free parameters: the phases of ϕ1 and ϕ2.
However, only the phase difference is physical, since the sum can be set to zero by a
gauge transformation. This physical U(1) is broken by the domain-wall solution, and
hence, as in the WZ case, the moduli space of solutions is
M = R× S1 . (5.16)
Since the target space is flat it supports maximal supersymmetry. Upon quantization
these two moduli will become massless fields living on the domain wall along with two
fermionic zero modes. In this case the two supersymmetries on the wall are generated
by the two unbroken bulk supercharges Q+ and Q¯+ giving rise to a (2, 0) theory. We
now argue that in addition to the broken U(1) flavor symmetry on the wall, there is an
unbroken U(1) whose charged excitations are massive fluctuations of the wall.
The bulk theory has, in addition to the gauged U(1), a U(1)F × U(1)T symmetry.
The U(1)F flavor symmetry is broken by the wall discussed above; the U(1)T is topo-
logical and is generated by JµT ∝ µνρFνρ. We review what happens to the gauge field
on the wall [76]. The common phase of ϕ1, ϕ2 can be gauged away; then we quantize
the theory on the wall by allowing the two moduli to depend on the two coordinates
along the wall
ϕ1 = e
iλ
2χ1(x− x0) , ϕ2 = e−iλ2χ2(x− x0) , (5.17)
where λ = λ(t, y) and x0 = x0(t, y) and λ has the gauge invariant definition
λ = arg(ϕ1)− arg(ϕ2) . (5.18)
The bulk Lagrangian contains the terms
L = −|(∂µ − iAµ)ϕ1|2 − |(∂µ − iAµ)ϕ2|2 + . . . (5.19)
= −(|χ′1|2 + |χ′2|2)(∂ix0)2 − |χ1|2|
1
2
∂iλ− Ai|2 − |χ2|2|1
2
∂iλ+ Ai|2 + . . . (5.20)
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To minimize the action, the gauge field should be
Aj(t, x, y) =
1
2
f(x)∂jλ(t, y) , with f(x→ ±∞) = ±1 . (5.21)
To determine f(x), we have to write the whole action including the gauge-field kinetic
term as a x-integral times the two-dimensional (t, y). Extremizing, we would find a
second order differential equation for f(x), but this is not essential for our purposes.
However, what is important is that (5.21) implies the gauge field along the wall obeys
Dirichlet boundary conditions Fij = 0. Following [78], on a Dirichlet boundary the
U(1) gauge symmetry in the bulk becomes a global symmetry. Since both λ and x0
are invariant under the gauge U(1), it follows that only massive modes on the wall are
charged under this global U(1).
In conclusion the theory on the wall is a (2, 0) theory with the two supersymmetries
generate by the two unbroken bulk supercharges, with a U(1) global symmetry that
couples only to massive modes. This matches exactly what we found for the WZ model
in section (5.1).
5.3 SU(3) 5
2
model
In this section we study the deformations of the model studied in [3]. The theory
is an N = 2 non-abelian SU(3) 5
2
gauge theory with three chiral superfields in the
fundamental representation with a superpotential
W = ijkmnpΦimΦjnΦkp . (5.22)
Here {m,n,p} are fundamental color indices and {i, j, k} are fundamental flavor in-
dices. This model has a manifest SU(3) flavor symmetry rotating the three chiral
superfields. After adding mass deformations, we study the vacuum solutions of the
model and show that the phase diagram matches those of the other models of figure
1. Then, for generic masses, we analyze the effective theory on domain walls and show
that we get the same effective theory as in sections 5.1 and 5.2, providing another check
for the duality depicted in figure 1. This theory has an R-symmetry with Ri = 23 for
the superfields Φi.
5.3.1 Vacuum equations for general SU(N)k models
Here we derive the supersymmetry-preserving vacuum equations including the one-loop
correction for an SU(N)k gauge theory with Nf flavors in the fundamental representa-
tion. We add both real masses and mass terms in the superpotential corresponding to
the Nf − 1 Cartan generators of the global SU(Nf ). The only relevant quantum cor-
rections are effective Chern-Simons terms, which are one-loop exact. The potential for
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the scalar fields is a sum of squares; for supersymmetric vacua, all these must vanish.
There are three type of terms:
1. F-terms: These are associated with the superpotential and give: ∂W = 0.
2. Mass-terms: Mass terms of the matter fields which give: mineff ϕin = 0
3. D-terms: D-terms of the gauge fields; these are the focus of this section.
We derive the D-terms in the quantum corrected Lagrangian by using the fact that the
real mass deformations are the lowest component of the background-flavor superfield
strength Σb, and the fact that the quantum corrections will produce effective mixed CS
terms for the color and flavor gauge fields.
The gauge group is broken by the VEV of σ, the lowest component of the color
field-strength Σ, and the D-term equation for the broken generators will simply be:∑
i
ϕ¯mi(T
N )mnϕ
in = 0, where TN is a broken generator. (5.23)
For the unbroken generators, which generically we can choose to be in the Cartan
subalgebra of SU(N), the Lagrangian includes:
L ⊃
∫
d4θ
kMNeff
8pi
ΣMV N +
kMIeff
8pi
ΣMV Ib ⊃
kMNeff
2pi
DMσN +
kMIeff
2pi
DMmI . (5.24)
Here VM are color gauge superfields, V Ib are background flavor gauge superfields, m
I
the real masses associated with Cartan generators of the flavor symmetry group, and
M,N, ... are adjoint color and I, J, ... are adjoint flavor indices. The complete D-terms
for the Cartan generators HM in the Lagrangian are
LD = 1
2e2
DMDM +
DM
2pi
(
kMNeff σ
N + kMIeff m
I − 2pi
∑
i
ϕ¯mi(H
M)mn ϕ
in
)
, (5.25)
where we restrict the color adjoint indices M,N to the Cartan generators of the gauge
group. Thus we get the D-term vacuum equations for the Cartan generators:
2pi
∑
i
ϕ¯mi(H
M)mn ϕ
in = kMNeff σ
N + kMIeff m
I . (5.26)
To calculate the effective Chern-Simons levels keff, we introduce the following notation
for the Cartan generators:
color: (HM)mn = δ
m
ng
mM , flavor: (HI)ij = δ
i
jn
iI . (5.27)
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Then
kMNeff = kδ
MN +
1
2
∑
i,m
gmMgmNsign(mi + σm), (5.28)
kMIeff =
1
2
∑
i,m
gmMniIsign(mi + σm), (5.29)
where σ = diag(σm) with σm = gmMσM, and mi = niImI is the real mass for the i-th
flavor. Note that mi + σm = mimeff is the effective mass for the chiral superfield Φim.
Equations (5.26), (5.28) and (5.29) then give:
2pi
∑
i
ϕ¯mi(H
M)mn ϕ
in = kσM +
1
2
∑
i,m
gmM
∣∣mi + σm∣∣ . (5.30)
5.3.2 Vacuum solutions
For the SU(3) model, we write the real masses as m1, m2, m3 = −m1 −m2 and the
adjoint scalars as σ = diag(σ1, σ2, σ3 = −σ1 − σ2). Then the supersymmetric vacuum
equations are:
∂imW = 0 ⇒ ϕim = qivm , (5.31)
(mi + σm)ϕim = 0 , (5.32)
3∑
i=1
(
2pi|ϕim|2 − 1
2
∣∣mi + σm∣∣) = kσm + 1
3
3∑
i,n=1
(
2pi|ϕin|2 − 1
2
∣∣mi + σn∣∣) , (5.33)
3∑
i=1
ϕ¯imϕin = 0 for m 6= n . (5.34)
Note that in (5.31), we have used the fact that for an N ×N matrix ϕ, δ det(ϕ) = 0 iff
rank(ϕ) < N − 1.
Using equation (5.31) and (5.34), we see that only one vm can be non-zero and by
a residual gauge transformation we can take it to be v3, so that ϕim = δ
3
mqi. Then
substituting k = 5
2
, we arrive at a simpler set of equations:
(mi + σ3)qi = 0, (5.35)
0 =
5
2
(σ1 − σ2) + 1
2
3∑
i=1
(
∣∣mi + σ1∣∣− ∣∣mi + σ2∣∣), (5.36)
2pi|q|2 = 5
2
(σ3 − σ
1 + σ2
2
) +
1
2
3∑
i=1
(
∣∣mi + σ3∣∣− |mi + σ1|+ |mi + σ2|
2
), (5.37)
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Now by using (5.36) and the triangle inequality we get:
5
2
∣∣σ1 − σ2∣∣ = ∣∣∣∣∣12
3∑
i=1
(
∣∣mi + σ1∣∣− ∣∣mi + σ2∣∣)∣∣∣∣∣ ≤ 32 ∣∣σ1 − σ2∣∣, (5.38)
which is only possible for σ1 = σ2 ≡ σ0. Since σ is in the adjoint representation of
SU(3), we have σ3 = −2σ0 , we find:
(mi − 2σ0)qi = 0, (5.39)
2pi|q|2 = −15
2
σ0 +
1
2
3∑
i=1
(∣∣mi − 2σ0∣∣− ∣∣mi + σ0∣∣) . (5.40)
We now analyze the solutions of these equations in the generic case where mi 6= mj.
There could be two kind of solutions:
1. q1 = q2 = q3 = σ0 = 0.
2. For one particular i: qj ≡ qδij and σ0 = 12mi.
In the case 1., after integrating out the massive matter we will have an N = 2 SU(3)keff
theory in the IR, where (5.28) implies keff =
5
2
+ 1
2
∑
i sign(m
i). Since the masses are in
the Cartan subalgebra of the flavor SU(3), either two real masses are positive and one
negative or two are negative and one positive (by assumption none vanish). This means
that we would get either an SU(3)3 or SU(3)2; the Witten index of these theories is
calculated in [69], and implies only the SU(3)3 case does not break supersymmetry
dynamically.
We now analyze equations (5.40) and look for the solutions of type 2. The triangle
inequality implies
1
2
3∑
i=1
(∣∣mi − 2σ0∣∣− ∣∣mi + σ0∣∣) ≤ 9
2
|σ0| , (5.41)
so the sign of the right hand side of equation (5.40) is determined by the sign of σ0,
and therefore solutions with one qi 6= 0 exist if and only if σ0 < 0, which means the
corresponding mi < 0. So for each negative mi we have a solution of type 2. In this
case, the SU(3) gauge group will be broken to SU(2). To calculate the effective CS
level we have to look at the sign of the effective masses for matter fields charged under
the SU(2). For simplicity assume that σ0 = m
3/2:
keff =
5
2
+
sign(m1 + σ0) + sign(m
2 + σ0) + sign(m
3 + σ0)
2
, (5.42)
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but, m1 +m2 = −m3 implies (m1 + σ0) + (m2 + σ0) = −m3 + 2σ0 = 0 and hence
sign(m1 + σ0) + sign(m
2 + σ0) = 0 , ⇒ keff = 2 . (5.43)
Thus the low-energy theory will be an N = 2 SU(2)2 theory, which is trivial in the
IR. To see this, note that the Chern-Simons level makes the N = 2 vector multiplet
massive, which implies there are no light excitations and we have a TQFT. But the
Witten index of this theory can be computed [69], and it is equal to 1, so the TQFT
must be trivial and we have the trivial phase in the IR.
Therefore, depending on the signature of the mass matrix we have different kinds
of solutions. Now we want to obtain the explicit form of the solution in each case.
Without loss of generality we assume m3 < 0 and m2 > m1. Based on the sign of m1
there are two cases which we study separately.
1. m2 > −m1 > 0: In this case m1 and m3 are negative and we have two SU(2)2
solutions with:
σ =
m1
2
or σ =
m3
2
, |q| > 0 . (5.44)
2. m2 > m1 > 0: In this case only m3 is negative and we have an SU(3)3 solution
with σ = 0 and q = 0 and an SU(2)2 solution:
σ =
m3
2
, |q| > 0 . (5.45)
As a further check of the proposed IR duality of this model to those studied in sections
5.1 and 5.2, we could obtain the full phase diagram of this model and compare it the
phase diagram of the previous two models that was obtained in [1]. For generic mass
deformations we already derived that there are two degenerate vacua confirming results
of [1]. There are special loci on the phase diagram where there are some unbroken SU(2)
global symmetries, and they could result in a moduli spaces of vacua. These special
loci arise when two of the real masses coincide, i.e. mi = mj. Without loss of generality
we focus on the case with m1 = m2 = m. If m > 0, then the situation is exactly similar
to case 2 above and we are in the same phase with two degenerate vacua. However, for
m < 0, there is a CP 1 Higgs moduli because, even though |q|2 is fixed, both q1,2 can be
nonzero. Thus for m1 = m2 < 0, the theory flows to N = 2 CP 1 sigma-model which
matches with the other two descriptions [1].
We have studied the vacua of the theory, and found that due to quantum correc-
tions, some classical vacua break supersymmetry dynamically, and thus at the quantum
level are not degenerate with the supersymmetry preserving vacua. In the next subsec-
tion, we will use this information to only look at walls that interpolate between true
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supersymmetric vacua. However, we have only looked at the quantum corrections to
the Chern-Simons level, and since these are not continuous functions of the fields, we
cannot use them to find the quantum corrections to the domain walls themselves; in
fact, we do not need to, and it suffices to study the classical BPS equations with the
correct boundary conditions.
5.3.3 BPS Domain Walls
In this section we study the classical dynamics on domain walls of the above non-abelian
gauge theory. As in the previous sections, we can evaluate the brane current (2.30) and
for any pair of vacua, we can calculate the brane charge and depending on its sign, see
if that pair gives rise to a domain wall or anti-domain wall. Then, from the unbroken
supercharges we can obtain the BPS equations and further analyze them.
Because we have a continuous R-symmetry, the only non-zero brane current is the
H current whose its bosonic part is given by (2.30) as
Hµ = ∂µ
(
1
2e2
σMDM − 1
6
|ϕin|2mineff(σ) +
1
2
|ϕin|2mi
)
, (5.46)
only the last term will contribute to the integrated current–the brane charge–since the
other terms vanish by the vacuum equations. Taking x to be the normal direction to
the domain wall (Z2 < 0), we find the brane charge
Z2 = −
∫ ly
0
dy Tw = −1
2
ly|ϕin|2mi
∣∣∣∣∣
x=+∞
x=−∞
, Z0 = Z1 = 0 . (5.47)
As in section 5.2, the domain wall preserves the two supercharges Q+ and Q¯+. Requir-
ing that supersymmetry variations of the fermions with respect to these supercharges
vanish, we get the BPS equations
∂imW = 0 , ϕ¯im(TN )mnϕin = 0 , (5.48)
e2
∂h
∂σM
= ∂xσ
M ,
∂h
∂ϕ¯im
= (∂x − iAmx )ϕim , (5.49)
with Morse function
h(ϕ, σ) = |ϕin|2mineff(σ)−
k
4pi
(σM)2 , (5.50)
where N runs over the broken gauge generators and mimeff (σ) = m
i + σm(x) is the
field-dependent effective mass of Φim.
As for the vacuum equations (5.31), (5.48) imply that the most general solution will
have the form ϕim = wivm, and we can always choose a gauge ϕim = δm,3qi. Because
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of the gauge fields in the BPS equations (5.49), these equations are not quite the same
as the Morse flow of h.
The BPS equations, (5.49) and (5.48), decouple into two set of equations for the
gauge invariant variables, σM and |qi| (i = 1, 2, 3), and gauge dependent variables, A3x
and θi, where qj = |qj|eiθj . The equations for the gauge invariant variables are the
usual Morse flow equations of the Morse function h up to rescaling the fields, and can
be analyzed by standard Morse theory; the equations for the gauge dependent variables
are
A3x − ∂xθj = 0, for j = 1, 2, 3 . (5.51)
The differences θ1 − θ2 and θ2 − θ3 are gauge-invariant, and give rise to two flavor
U(1) symmetries, whereas the sum, θ1 + θ2 + θ3, can be absorbed into A
3
x by a gauge
transformation. For each broken flavor U(1) symmetry, we get an extra S1 modulus.
As we will see, in the model we study in this section only one is broken and we have
only a single S1 modulus. We encounter more complicated situation in section 7.
We first ignore these phases and study at the BPS equations for |qi| and σ. Recall
σ = diag(σ1, σ2,−σ1 − σ2); then the Morse function is
h(σ1, σ2, |qi|) = |qi|2(mi − σ1 − σ2)− k
4pi
(
σ1 + σ2
2
)2
− k
4pi
(
σ1 − σ2
2
)2
. (5.52)
The BPS equation for σ1− σ2 decouples from the rest and by Morse theory it does not
have a non-zero solution. Hence we may set σ1 = σ2 ≡ σ0 and find the reduced Morse
function
h(σ0, |qi|) = |qi|2(mi − 2σ0)− k
4pi
σ20. (5.53)
We now find the critical points of this function and their Morse indicies. As we saw
above, there are two cases depending on the signature the real masses.
1. When two masses are negative, and one positive, e.g., m1 < m3 < 0 < m2, we
found two acceptable vacua (5.44):
(a)
σ0 =
m1
2
, q1 =
√
− k
4pi
m1
2
, q2 = q3 = 0 , which has
h = −km
2
1
16pi
and Morse index µ = 1 . (5.54)
(b)
σ0 =
m3
2
, q3 =
√
− k
4pi
m3
2
, q1 = q2 = 0 , which has
h = −km
2
3
16pi
and Morse index µ = 2 . (5.55)
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Hence, Morse theory implies there is only 2 − 1 = 1 modulus–the translational
mode–for these variables. Also, only one of qi’s is non-zero, so only one of the
remaining U(1) symmetries is broken and hence there is an S1 modulus. Putting
these two moduli together, we get R× S1 sigma model on the wall.
2. When two masses are positive, and one negative, e.g., m1,m2 > 0 > m3, we found
two acceptable vacua (5.45):
(a)
σ0 =
m3
2
, q3 =
√
− k
4pi
m3
2
, q1 = q2 = 0 , which has
h = −km
2
3
16pi
and Morse index µ = 1 . (5.56)
(b) σ0 = q1 = q2 = q3 = 0 , which has
h = 0 and Morse index µ = 2 . (5.57)
Again, Morse theory implies we have just the translational zero mode, and the
S1 modulus comes from the phase corresponding to the broken U(1) symmetry,
giving an R× S1 sigma model on the wall.
Thus the low energy theory on the domain wall is again an R×S1 sigma model, which
matches the conjectured dual descriptions. This serves as a non-trivial check of the
conjectured dualities. In particular, the R× S1 sigma model has (2,0) supersymmetry.
6 N = 1 SU(5) WZ Model
In this section, we consider the SU(5) generalization of the WZ model studied in
section 5.1, and investigate the possibility of supersymmetry enhancement in the IR.
We consider the mass deformed theory with the superpotential
W = Tr
(
1
3
Φ3 +MΦ
)
, (6.1)
where Φ is a traceless Hermitian matrix of real superfields, and M is the real traceless
mass deformation matrix. As in the SU(3) WZ model in section 5.1, the deformed
phases have exact moduli spaces of vacua which can be computed by solving the vacuum
equations ∂W = 0,
Φ2 +M =
1
5
Tr
(
Φ2 +M
)
. (6.2)
Depending on the eigenvalues of matrix M , we have different phases; these are summa-
rized in Table 1. All the phases are either trivial or have moduli spaces of vacua that
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Hypersurfaces M Phases
(5) pt λi = 0
(4,1) Gr(2, 4) (λ1,2,3,4 < λ5)
(4,1) 2CP3 + S0 (λ1 < λ2,3,4,5)
(3,2) 2CP2 (λ1,2,3 < λ4,5)
(3,2) CP1 + S0 (λ1,2 < λ3,4,5)
(2,2,1) CP1 × CP1 + S0 (λ1,2 < λ3,4 < λ5)
(2,2,1) 2CP1 + 2CP1 + S0 (λ1,2 < λ3 < λ4,5) ∨ (λ1 < λ2,3 < λ4,5)
(3,1,1) 2CP2 + S0 + S0 λ1+λ2
2
−
√
5
6
|λ1 − λ2| < λ3,4,5
(3,1,1) 2CP2 λ1+λ2
2
−
√
5
6
|λ1 − λ2| > λ3,4,5
(2,1,1,1) 2CP1 + S0, 2CP1 + 3S0 Not known
(1,1,1,1,1) 3S0, 5S0, ... Not known
Table 1. The structure of moduli spaces of vacua for the mass deformed N = 1 SU(5) WZ
Model. Each phase has been labeled by a sequence indicating the order of distinct eigenvalues
of M . Here S0 means two isolated vacua related by time reversal. For the last two phases, the
vacuum equations cannot be solved analytically and the results are presented from numerical
analysis.
are Ka¨hler manifolds. Thus the low energy theory describing these theories are sigma
models with Ka¨hler target space and have supersymmetry enhancement from N = 1
to N = 2 in the IR: at low scales, the only relevant term is the sigma-model kinetic
term, which has N = 2 supersymmetry.
In light of this observation, one might guess that the undeformed theory has N = 2
enhancement as well. We investigate this hypothesis by studying domain-wall solutions.
We consider the mass deformation matrix, M , to be generic, i.e., breaking the SU(5)
global symmetry down to U(1)4. By symmetry arguments [1], the classical vacuum
equations will be exact and will not receive quantum correction. To study the vacuum
equations, without loss of generality, we chose M = diag(m1, ...,m5). Now by setting
δW = 0, we find the vacuum equations,
Φ2 +M =
1
5
Tr
(
Φ2 +M
)
. (6.3)
First, we try to solve for x = 1
5
Tr(Φ2 +M). Since M is diagonal and has distinct
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eigenvalues, Φ has to be diagonal as well and will have the form,
Φ = diag(ϕi), where: ϕi = ±
√
x−mi. (6.4)
But since we are only interested in Hermitian and traceless Φ, we should have,
√
x−m1 ±
√
x−m2 ±
√
x−m3 ±
√
x−m4 ±
√
x−m5 = 0, (6.5)
for any given choice of signs, as well as
x ≥ max
1≤i≤5
{mi}. (6.6)
Now if we take the product of the LHS of Eq. (6.5), we get a polynomial of degree 8
in x, whose roots will be the solutions we are looking for. We cannot find the roots
analytically in terms of mi’s, but numerically, the polynomial has either 3 or 5 real
roots satisfying condition (6.6). In the generic case, each solution for x gives exactly
two solutions for Φ which are related by time reversal. Thus, we have either six or ten
isolated supersymmetry vacua in the generic case. We now study the phase with ten
vacua and consider domain walls interpolating between these vacua.
Naively, we might think that for each pair of vacua out of the ten vacua we have
a stable BPS-saturated wall interpolating between them. But it is not always true.
Though a BPS-saturated wall minimizes the energy locally, it might not be true globally,
i.e., it might be more efficient to first interpolate to an intermediate vacuum and then
go to the final vacuum, so a bound state of two BPS-saturated walls might have a
lower energy. Thus, for a BPS-saturated wall to be stable, it is necessary to satisfy the
following triangle inequality [46],
|Σij| ≤ |Σik|+ |Σkj|, (6.7)
where Σij is the central charge of the BPS-saturated wall interpolating between vacuum
i and j. In our case, we have a WZ model and the central charges are given by
Σij = 2(Wi − Wj), where Wi is the value of the superpotential at the i-th vacuum.
According to Morse theory, a wall interpolating between vacuum Wi and Wj generically
has nij = µj−µi zero modes when nij is positive, and there are no BPS-saturated walls
at all when nij ≤ 0. Thus, to find stable walls Wij between vacua Wi < Wj, the
Morse index must be increasing: µi < µj and there must not be any intermediate
vacua Wk satisfying both conditions Wi < Wk < Wj and µi < µk < µj. Note that for
a wall interpolating between vacuum Wi and Wj, if there exists a vacuum Wk with,
Wi < Wk < Wj, we have equality in 6.7.
We now apply these constraints to study the solutions of the BPS equations. There
are ten vacua with values of the superpotentials W1 < ... < W10, and the Morse
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indices µ1, ..., µ10. The theory on this wall defines a 2d sigma model with an nij-
dimensional manifold as the target space. For this sigma model to have supersymmetry
enhancement, it must have at least (2, 0) supersymmetry, which requires the manifold
to be even-dimensional. Numerically we find even and odd Morse indices at the vacua,
which is incompatible with supersymmetry enhancement.
More explicitly, the Morse indices that we find for the phase with ten vacua are,
(µ1, ..., µ10) = (8, 10, 12, 14, 15, 9, 10, 12, 14, 16) . (6.8)
Thus, there are four BPS-saturated walls that have exactly one modulus: W1,6, W4,5,
W6,7, and W5,10. This modulus corresponds to the broken translational symmetry, and
so the theory on these walls will be the 2d N = (1, 0) theory of a massless scalar
and a left-handed fermion. The remaining eight stable walls have an two moduli:
W1,2,W2,3,W3,4,W7,8,W8,9,W9,10,W2,8,W3,9, and give a 2d N = (2, 0) theory on the
wall.
In the phase with six vacua, the Morse indices are all even:
(µ1, ..., µ6) = (8, 10, 12, 12, 14, 16) . (6.9)
Hence, in this phase, there is supersymmetry enhancement on the walls, and in the
phase with ten isolated vacua there need not be.
In conclusion, we find for the generic relevant deformations of the SU(5) WZ model
considered here, there are domain walls with no supersymmetry enhancement. For
the undeformed theory, this seems to make the enhancement of supersymmetry very
unlikely, despite the fact that all the deformed massless phases have this enhancement
in the infrared.
One can conceive a bizarre scenario in which our argument could fail. Note that
our domain-wall calculations are only valid in the weak coupling limit, 1
M
 1
ΛUV
,
where M is the scale of the mass deformations. So our argument implies that super-
symmetry enhancement cannot happen for large masses. However, in the Wilsonian
renormalization-group picture, deformations in the UV correspond to deformations of
the IR SCFT only for small masses, and therefore one could imagine a scenario with
some phase transition as we change the scale of M .
Alternatively, one could imagine that the enhancement occurs and the 1
2
-BPS do-
main walls of the UV theory correspond to 1
4
-BPS domain wall in the N = 2 SCFT in
the IR. However, we argue that this cannot happen: In the UV, the four mass defor-
mations corresponding to the Cartan generators of the SU(5) symmetry must map to
some N = 2-preserving deformations in the linear multiplets of the IR SU(5). More-
over, the SU(5) symmetry cannot mix with the U(1) R-symmetry, and the deformed
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IR theory would consequently have an R-multiplet. We showed in section 4.2 this leads
to 1
2
-BPS domain walls with (2,0) or (0,2) supersymmetry.
7 Supersymmetry enhancement from N = 2 to N = 4
Recently there was an interesting proposal [4] claiming that an N = 2 abelian gauge
theory with a Chern-Simons term at level −3
2
coupled to a chiral multiplet of unit
charge has N = 4 supersymmetry in the IR. The goal of this section is to deform the
theory and consider domain walls. In particular, we deform the N = 2 Lagrangian by
an FI term. From the N = 4 point of view, we argue that this deformation corresponds
to the new kind of deformation of the N = 4 superalgebra pointed out in [54]. We then
show that domain-wall solutions of this deformed N = 4 algebra are necessarily 1
4
-BPS
solutions.
Consider the Lagrangian in (2.17) with m = 0 and k = −3/2. The vacuum
equations are
|φ|2 = t− 3
4pi
σ, σϕ = 0 , (7.1)
and the model has two discrete vacua. In the first vacuum, the fields take the values
σ = 0 and |φ|2 = t and in the second σ = 4pi
3
t and |φ|2 = 0. As before, in a domain-
wall background interpolating between these two vacua, when Z2 > 0 there are two
unbroken bulk supercharges Q+ and Q¯+.
In [4] it was argued that in the IR the theory has an non-Langrangian N = 4
description, and that the U(1)R R-symmetry and the U(1)T topological symmetry
of the N = 2 model become the two diagonal SO(2)’s of the SO(4)R R-symmetry
of the N = 4 superalgebra. This implies that the multiplet of the U(1)T , namely
the fundamental vector-multiplet, combines with the N = 2 stress-tensor multiplet to
give the N = 4 stress-tensor multiplet. Therefore, deforming the N = 2 theory by
an FI term corresponds to deforming the emergent N = 4 description by a relevant
deformation sitting in the stress-tensor multiplet. In [54], it was pointed out that such
deformation exists, and it is a singlet under the R-symmetry (see appendix C for an
example). Moreover, it was argued that the algebra is deformed as follows
{Qii′α , Qjj
′
β } = −iji
′j′Pαβ + gαβ(
ijRi
′j′ − i′j′Rij) , (7.2)
where the primed and the unprimed indices correspond to the SO(4) = SU(2)R ×
SU(2)R′ R-symmetries whose generators are R
ij and Ri
′j′ . The constant g is the con-
tinuous parameter of the deformation. One way to argue that the N = 4 superalgebra
is deformed in this way is as follows. Since the deformation is a singlet of the R-
symmetry, just from the index structure the only terms we can write down is the above
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deformation but with arbitrary coefficients in front of Rij and Ri
′j′ . Imposing the Ja-
cobi identity, one finds that the two constants must be equal in magnitude and opposite
in sign. An important feature of this algebra is that it leads to a gapped theory as it
was shown in [54]. This is in agreement with the N = 2 which also does not contain
massless degrees of freedom.
We can further consider domain-wall backgrounds in the N = 4 language and
deform further the algebra as
{Qii′α , Qjj
′
β } = −iji
′j′(Pαβ + Zαβ) + gαβ(
ijRi
′j′ − i′j′Rij) . (7.3)
It is more convenient to rewrite the this algebra in SO(4) language
{QIα, QJβ} = −δIJ(Pαβ + Zαβ) + gαβRIJ , (7.4)
where and I, J indices run from one to four, and KLIJR
IJ are the generators of SO(4).
All operators above are Hermitian. For an arbitrary background, we can use the SO(4)
symmetry to bring RIJ in the canonical form
RIJ =

0 r1 0 0
−r1 0 0 0
0 0 0 r2
0 0 −r2 0
 , (7.5)
and split the supercharges into two independent groups of four. Unitarity requires that
every state created by an arbitrary combination of the above supercharges needs to
have non-negative norm. Since the above supercharges are Hermitian, we just need to
require that the upper block and lower block of the matrix {QIα, QJβ} are positive. As
in section (4), we consider a domain wall in the x-direction and go to its rest frame
where Pµ = (−m, 0, 0) and Zµ = (0, 0, Z2). In this set up, the eigenvalues of the matrix
are all doubly degenerate and equal m ±
√
g2r2 + Z22 for r = r1, r2. Demanding that
all these eigenvalues are real and positive, we arrive at the following BPS bounds
|gr1| ≥ |gr2| ≥ |Z2|, m ≥
√
g2r21 + Z
2
2 , (7.6)
where without loss of generality we choose r ≡ |r1| ≥ |r2|. An important observation is
that for non-zero Z2 andm, at most one eigenvalue can be zero, namelym−
√
g2r2 + Z22 .
This happens when m =
√
2|gr| = √2|Z2|, saturating the inequalities (7.6). Hence,
since each eigenvalue is doubly degenerate (except when |r1| = |r2|), we find two unbro-
ken supercharges with the same chirality on the domain-wall background; this matches
the N = 2 description of the theory exactly.
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By analyzing the super-Poincare´ algebra, we have found that the domain wall
leaves only two unbroken supercharges. However, the situation is more subtle when
one analyzes the BPS equations, which in this case are
∂xσ = e
2
(
|ϕ|2 − t+ 3
4pi
σ
)
, (∂x − iAx)ϕ = σϕ . (7.7)
Decomposing ϕ = eiθ|q| into a phase and a magnitude, the second equation implies
that the phase can be gauged away by setting Ax = ∂xθ, while the magnitude satisfies
∂xσ = e
2
(
|ϕ|2 − t+ 3
4pi
σ
)
, ∂x|ϕ| = σ|ϕ| . (7.8)
As in section 5.2 this set of equations can be rewritten as a gradient flow problem. It
is then straightforward to calculate the Morse indices at the two critical points and
find 1 and 0. This implies that there is only one modulus, and therefore, only one
massless scalar field on the domain wall, which contradicts the fact that there are two
unbroken supercharges. We resolve this contradiction by arguing that there is another
chiral mode on the wall coming from the gauge field.
To understand the solutions of equations (7.8) we look at the strong coupling limit
e→∞ [79]. In the region where ∂xσ/e→ 0 the solution is
σ =
4pi
3
(|q|2 − t) , |q| =
√
t√
1− e−8pit3 (x−x0)
. (7.9)
Close to the wall, these expressions blow up, and therefore, are valid only for x  x0
where the assumption ∂xσ/e → 0 still holds. On the other side of the wall for x < x0
the solution is also not valid since the square root is not real anymore. In this region
we must have |q| = 0. We can further take the limit t → ∞ and the above solution
implies that on each side of the domain wall the theory is at a vacuum. For x > x0
the theory is Higgsed, while for x < x0 the theory is in the coulomb phase with an
effective Chern-Simons level after integrating out the fermions. More specifically the
theory is in a U(1)−1 gauge theory with a boundary at x = x0. Because of the boundary
conditions, the Chern-Simons term gives rise to a chiral edge mode [53]. In fact, the
condition A0 − uAy = 0 leads to an edge mode moving in the t + u y direction. In
our case, the BPS equations (5.12) require u = 1 leading to a (2, 0) algebra, which is
consistent with the arguments that follow from analyzing the algebra.
8 Summery and Discussion
We have used domain walls as a tool for testing IR dualities and supersymmetry en-
hancement in the IR. Dual theories supporting domain walls are expected to exhibit
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the same effective theory in the IR. In certain cases, we analyzed those effective theo-
ries and we checked some of the previously proposed dualities. In principle, the logic
could also be reversed, and starting from a known duality in the bulk one can derive
a new duality for the effective theories on the domain walls in one dimension less [30].
However, typically it is very hard to analyze the effective theory. In our examples the
effective theories are free and therefore we were able to analyze them in more detail. In
particular we were able to determine the amount of supersymmetry they have as well
as the target space.
In the process for studying domain walls, we have also obtained some general
results regarding the kinematics of N = 1 theories in three dimensions. In particular,
we constructed explicitly the most general stress-tensor multiplet for N = 1 theories
by reduction of the N = 2 case studied in [55]. We further wrote down explicitly the
S superfield for several models with either N = 1 or N = 2 supersymmetry.
In section 5 we started with the main goal of this paper. After adding deformations,
we tested the triality in figure 1 by matching the IR domain-wall theories. In all three
cases the effective theory was a chiral (2, 0) sigma model with target space R × S1,
giving more evidence that these theories are dual. The interesting fact was that while
two of these theories have N = 2 manifest supersymmetry in the UV, the third one has
only N = 1 and it was conjectured to exhibit supersymmetry enhancement in the IR.
Our domain wall analysis actually showed that indeed the theory on the wall has more
supersymmetry than just the one inherited from the bulk; this supports the claim that
supersymmetry enhances in the IR.
Having argued that the N = 1 WZ model with SU(3) global symmetry in three di-
mension exhibits this phenomenon of supersymmetry enhancement, one could imagine
that a similar phenomenon could happen for other global symmetry groups. However,
in section 6 we studied the WZ model with SU(5) WZ symmetry and superpotential
W = 1
3
tr(Φ3), and found no supersymmetry enhancement on the domain-wall in cer-
tain phases of this theory. Hence we believe that supersymmetry enhancement is very
unlikely in this case.
Finally in section 7, we tested theN = 4 supersymmetry enhancement of theN = 2
U(1)− 3
2
theory coupled to a chiral multiplet of unit charge, which was conjectured in
[4]. This theory displays two interesting phenomena. First, the FI term in the N = 2
description corresponds to a deformation of the N = 4 language by the R-symmetry
generator, recently discussed in [62]. Second, domain walls in this theory interpolate
between vacua of different Chern-Simons levels. As a result there is one more zero
mode coming from broken gauge symmetry on the wall–this is similar to the quantum
Hall-effect.
In conclusion, we have used domain walls as a non-perturbative tool for analyzing
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certain aspects of the infrared dynamics of strongly coupled theories. Although the
phase diagrams already contain a lot of information about the theory, in phases with
degenerate vacua, there exists information which can be extracted by studying domain
walls. In particular, domain walls can be used to test various proposed dualities, and
in supersymmetric cases, they can be used to study the possibility of supersymmetry
enhancement in the IR.
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Appendices
A Conventions and Identities
A.1 Indices and γ-matrices
We use a (−,+,+) signature. The conventions for different kind of indices are
• α, β, γ . . . are flat spinor
• a, b, c . . . are curved spinor
• µ, ν, ρ . . . are flat vector
• M,N,P . . . are flat superspace
• A,B,C . . . are curved superspace
• i, j, k . . . are fundamental flavor
• I, J,K . . . are adjoint flavor
• m,n,p . . . are fundamental color
• M,N,P . . . are adjoint color
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We raise and lower spinor indices with the epsilon symbol where +− = −1 = −+−
ψα = αβψβ, ψα = αβψ
β . (A.1)
For a product of two spinor variables we have
ψχ = ψαχα = −ψαχa . (A.2)
The gamma matrices are taken to be (γµ)α
β := βδγµαδ with
γµαβ = (−1, σ1, σ3) , (A.3)
where σi are the usual Pauli matrices. They satisfy
γµαβ = γ
µ
βα , (A.4)
(γµ)α
β(γν)β
γ = ηµνδα
γ + µνρ(γρ)α
γ , (A.5)
(γµ)αβ(γµ)γδ = αγδβ + αδγβ . (A.6)
Here 012 = −1. A vector with two spinor indices is defined as
lαβ = −2γµαβlµ, lµ =
1
4
γαβµ lαβ . (A.7)
A.2 Superspace
Derivatives with respect to θ variables are defined by
∂αθ
β = δα
β , (A.8)
∂αθβ = αβ , (A.9)
∂αθβ = −αβ . (A.10)
Our conventions regarding the Hermiticity properties of various quantities are
(θa)† = θa, (xαβ)† = xαβ . (A.11)
From
{∂α, θβ} = δαβ, [∂αβ, xγδ] = −4δ(aγδβ)δ , (A.12)
it follows that, as operators,
(∂α)
† = ∂α, (∂αβ)† = −∂αβ . (A.13)
The supercharges acting on superfields are given by
Qα = ∂α − i
2
θβ∂α
β . (A.14)
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and they satisfy
{Qα, Qβ} = i∂αβ = −2iγµαβ∂µ = 2γµαβPµ , (A.15)
and have the following hermiticity properties
(Qα)
† = Qα . (A.16)
We furthermore define how conjugation acts on a product
(AB)† = B†A† . (A.17)
In our conventions the gamma matrices are real, and therefore, all the fermionic fields
are real as well. Integration with respect to the anticommuting coordinates is defined
by ∫
dθα =
1
2
∂α . (A.18)
To make the Langragian (3.23) of the WZ model real, note that we have to include
an unusual factor of i in from of the superpotential. Covariant derivatives for N = 1
superspace are taken to be
{Dα, Dβ} = −i∂αβ, (A.19)
Dα = ∂α − i(γµ)αβθβ∂µ = ∂α + i
2
θβ∂α
β , (A.20)
and satisfy the following useful identities
DαDβ = − i
2
∂αβ +
1
2
αβD
2 (A.21)
D2Dα = −DαD2 , (A.22)
DαDβDα = 0 , (A.23)
∂αβDαDγDβ = 0 . (A.24)
We define a real scalar superfiled Φ(x, θ); its components are
Φ| = ϕ , DαΦ| = iψα , D2Φ| = iF . (A.25)
Superspace for N = 2 supersymmetry can be built out of two copies of N = 1
superspace as
θα =
1√
2
(
θ(1)α + iθ
(2)
α
)
, θ¯α =
1√
2
(
θ(1)α − iθ(2)α
)
. (A.26)
This definition leads to the following expression for the covariant derivatives
Dα =
1√
2
(
D(1)α − iD(2)α
)
, D¯α = − 1√
2
(
D(1)α + iD
(2)
α
)
, (A.27)
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which satisfy
{Dα, D¯β} = i∂αβ ,
{Dα,Dβ} = {D¯α, D¯β} = 0 . (A.28)
In terms of derivatives there are given by
Dα = ∂α +
i
2
θ¯β∂α
β , D¯α = −∂¯α − i
2
θβ∂α
β . (A.29)
Some very useful identities [80] are
DαDβ =
1
2
αβD2 , DαDβDγ = 0 , (A.30)
[D¯α,D2] = 2i∂αβDβ , D2D¯2D2 = 4iD2 , (A.31)
DαD¯β =
i
2
∂αβ +
1
4
[D(α, D¯β)] +
1
2
αβD · D¯ , (A.32)
[D(α, D¯β)]D · D¯ = i
2
(
∂α
γ[D(γ, D¯β)] + ∂βγ[D(γ , D¯α)]
)
. (A.33)
A.3 Super Yang-Mills theory
Now we define the gauge-covariant superderivatives for N = 2 gauge theories following
[81]. They satisfy the following algebra
{∇α,∇β} = {∇¯α, ∇¯β} = 0 , (A.34)
{∇α, ∇¯β} = i∇αβ + iαβΣ . (A.35)
A particular useful solution to constraints (A.34) is the chiral representation,
∇α = e−VDαeV , ∇¯α = D¯α . (A.36)
Σ is the scalar field strength and in this representation,
Σ =
i
2
αβ{∇α, ∇¯β} = i
2
D¯α(e−VDαeV ) . (A.37)
Now using the Bianchi identity, we find
[∇¯α, {∇¯β,∇γ}] = +2iαβ∇¯γΣ , (A.38)
[∇α, {∇β, ∇¯γ}] = −2iαβ∇γΣ , (A.39)
[∇¯α,∇βγ] = +α(β∇¯γ)Σ , (A.40)
[∇α,∇βγ] = −α(β∇γ)Σ . (A.41)
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Thus for the vector covariant derivatives ∇µ = − i4γαβµ {∇α, ∇¯β}, we have
[∇α,∇µ] = 1
2
(γµ)αβ∇βΣ , (A.42)
[∇¯α,∇µ] = −1
2
(γµ)αβ∇¯βΣ . (A.43)
By using the Bianchi identity {∇(α, [∇β),∇µ]} = 0, we find that Σ is covariantly linear
∇2Σ = ∇¯2Σ = 0. Finally, we get the non-trivial part of the full algebra as
{∇α,∇β} = {∇¯α, ∇¯β} = 0 , (A.44)
{∇α, ∇¯β} = i∇αβ + iαβΣ , (A.45)
[∇α,∇µ] = 1
2
(γµ)αβ∇βΣ , (A.46)
[∇µ,∇ν ] = −iFµν = −iµνρF˜ρ , (A.47)
where
F˜αβ =
1
4
[∇(α, ∇¯β)]Σ, and ∇µ∣∣∣ = ∂µ − iAµ . (A.48)
For the chiral representation, under the complexified gauge transformations we have
Φ→ eiΛΦ, Φ¯→ Φ¯e−iΛ¯ , (A.49)
∇M → eiΛ∇Me−iΛ, ∇¯α → ∇¯α , (A.50)
eV → eiΛ¯eV e−iΛ Σ→ eiΛΣe−iΛ , (A.51)
where Λ = ΛATA is a chiral multiplet and ∇M = (∇α,∇µ) .
We define the covariant components of the scalar field strength as
Σ
∣∣∣ = 2σ, ∇αΣ∣∣∣ = 2λ¯α, ∇¯αΣ∣∣∣ = 2λα, (A.52)
∇ · ∇¯Σ
∣∣∣ = ∇¯ · ∇Σ∣∣∣ = −4iD , 1
2
[∇(α, ∇¯β)]Σ∣∣∣ = 2F˜αβ∣∣∣ = 2F˜αβ , (A.53)
and the covariant components of the covariantly chiral (anti-chiral) superfields Φ and
Φ¯eV as:
Φ| = ϕ , ∇αΦ| = iψα , ∇2Φ| = iF , (A.54)
Φ¯eV
∣∣ = ϕ¯ , ∇¯αΦ¯eV ∣∣ = −iψ¯α , ∇¯2Φ¯eV ∣∣ = iF¯ . (A.55)
B Three-dimensional N = 1 Supergravity
Following [82], an N = 1 theory in three dimension couples to supergravity in a trivial
way
L =
∫
d2θ f(φ,DAφ)→
∫
d2θ E−1 f(φ,∇Aφ) , (B.1)
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where EA
M is the super-vielbein and ∇A is the super-covariant derivative
∇M = EMADA + φMβγMγβ , (B.2)
with φMβ
γ a connection and Mβ
γ the local Lorentz generators. These transform under
super-diffeomorphisms K = KADA and local Lorentz transformations L = Lα
βMβ
α as
δ∇M = [∇M , K + L] . (B.3)
The super-torsion and the super-Riemann tensor are defined by
[∇M ,∇N} = TMNR∇R + (RMN)αβMβα . (B.4)
Both of them can be expressed in terms of the connection and the super-vielbein.
Imposing the conventional constraint
∇αβ = − i
2
{∇α,∇β} , (B.5)
we fix two components of the super-vielbein, namely
Eαβ
a = E(α
ADAEβ)
a − iφαβγEγa , (B.6)
Eαβ
ab = E(α
ADAEβ)
ab +
1
2
Eα
(aEβ
b) − iφαβγEγab . (B.7)
For simplicity we focus only at the linearized theory with
Eα
a = δα
a + eα
a , (B.8)
Eαβ
ab =
1
2
δα
(aδβ
b) + eαβ
ab , (B.9)
Eα
ab = eα
ab , (B.10)
Eαβ
a = eαβ
a . (B.11)
A generic theory will couple to the two independent components of the super-vielbein
by ∫ (
eα
βJβ
α + eγ
αβJαβ
γ
)
. (B.12)
where now all the indices are flat and the J ’s are some currents. Invariance under the
linearized versions of (B.3)
δeα
β = DαK
β − Lαβ , (B.13)
δeα
βγ = DαK
βγ − iδ(βα Kγ) . (B.14)
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implies that the J ’s obey the following equations
DαJβγ
α = 0 , (B.15)
DβJαβ = −Jαββ , (B.16)
Jαβ = αβJ , (B.17)
where the last equation follows because the Lorentz parameter Lαβ is symmetric. Equiv-
alently we have
DβJαβ,γ = −DγDαJ,
Jαβ
β = −DαJ , (B.18)
which match (3.12) under the identification Sαβ,γ = Jαβ,γ and X = −J .
C Deformations of a free Hypermultiplet
In three dimensions, the R-symmetry group of N = 4 theories is SO(4) = SU(2)R ×
SU(2)R′ . A free hypermultipet in three dimensions consist of four scalar and four
fermionic fields and has an additional SU(2)F flavor symmetry. The supersymmetric
transformations are simply
δϕai = 
α
ii′ψ
i′a
α , δψ
i′a
α = 
β,ii′∂αβϕ
a
i . (C.1)
As in the main text i and i′ are indices or SU(2)R and SU(2)R′ respectively, while a is
an SU(2)F index. As was pointed out in [62], apart from F-terms, the model has two
relevant deformations. The first belongs to the supermultiplet of the SU(2)F which in
the notation of [62] is the B1[0]
(2,0)
1 multiplet with lowest component ϕ¯
i
aϕ
a
i . Acting twice
with the above supersymmetric transformations, we get the conserved flavor current
plus the scalar ψ¯(i
′
(aψ
j′)
b). Furthermore, the transformation of this scalar is a total
derivative after we use the equations of motion. Deforming the theory with this term
corresponds to adding a real mass to the fermions. However, since we have already
used the equations of motion to show that the supersymmetric transformation of this
quantity is a total derivative, in principle, we have to modify the transformations as well
as to add more terms to the Lagrangian that are higher order terms in the deformation
constant. Hence
δL = mabi′j′ψ¯(i
′
(aψ
j′)
b) +O(m2) . (C.2)
Moreover, in this simple case we already know what the higher order terms in m are,
and how the transformations change. The additional term is of course the mass term
for scalars, namely mabi′j′m
i′j′
ab ϕ
c
iϕ
i
c, while the new transformations are
δϕai = 
α
ii′ψ
i′a
α , δψ
i′a
α = 
β,ii′∂αβϕ
a
i + 
β
ij′(m
ab)i
′j′ϕib . (C.3)
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The second relevant deformations belong in the S-multiplet of the N = 4 model, whose
lowest component is ϕaiϕ
i
a. In the notation of [62] this is the A2[0]
(0,0)
1 multiplet. In this
case the deformation is an singlet of the R-symmetry, and repeating the above logic
we arrive at the following deformation
δL = mψ¯i′aψai′ +m2ϕciϕic , (C.4)
with transformations
δϕai = 
α
ii′ψ
i′a
α , δψ
i′a
α = 
β,ii′∂αβϕ
a
i +m
ii′
β ϕ
a
i . (C.5)
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